In this manuscript, we propose a novel 11-point cyclic convolution algorithm based on alternate Fourier transform. With the proposed bilinear form, we construct a length-2047 cyclotomic FFT.
II. 11-POINT CYCLIC CONVOLUTION OVER CHARACTERISTIC-2 FIELDS
We first derive a fast cyclic convolution of 11 points over the real field. Denote the cyclic convolution of 11 point sequences x and y by the sequence z. 1 The sequence z may be computed by Fourier transforming x and y, multiplying the transforms point-by-point and finally, inverse Fourier transforming the product sequence. Let X, Y and Z denote the Fourier transforms of x, y and z respectively. As defined by the Fourier transform,
We express the rest components, X ′ and Y ′ (over reals) using the basis 1, W, W 2 , . . . , W 9 where W denotes the 11th primitive root of unity. This basis is sufficient because W 11 − 1 = 0 yields W 10 =
We will call the vector (X 0 , X ′ 0 , X ′ 1 , . . . , X ′ 9 ) as the Alternate Fourier transform (AFT) of sequence x. Note that AFT is simply the DFT components X 0 and X ′ in their special bases. From (1) and (2) it is obvious that the AFT computation may be described as a multiplication with a 11 × 11 matrix B 
where I 10 is a 10 × 10 identity matrix. Alternately, given the AFT of x, one can determine x by using matrix B −1 given by
where length-10 row A 1 = (10, −1, −1, . . . , −1), length-10 column A 2 = (1, 1, . . . , 1) T and 10 × 10 submatrix A 3 has 10 on the first upper diagonal and -1 everywhere else.
Now consider the product of B −1 and an AFT vector: 
Relation (4) shows that the inverse of an AFT only needs an evaluation of (1/11)A 3 U ′ .
To compute cyclic convolution of x and y, one should multiply the Fourier transforms of x and y and then take the inverse Fourier transform of the product. We use AFT instead of classical Fourier transform.
Multiplying X 0 and Y 0 is simple, but since X ′ and Y ′ are expressed in a basis with 10 elements, their product may be difficult. Similarly inverse AFT requires multiplication by matrix A 3 which may be complicated. However, we now show that both these two difficult computation stages are equivalent to only a Toeplitz product (i.e., product of a Toeplitz matrix and a vector) [11] .
The pointwise multiplication results are Z 0 = X 0 Y 0 and Z ′ defined as
Vector Z ′ can be computed through the matrix product
T where the elements of matrix M are
Note that in (6) , Y ′ i are considered as zero outside its valid range, i.e., Y ′ i = 0 if i < 0 or i > 9. The terms in (6) are easy to deduce from (5) . Matrix element M k,j sums up those terms in Y ′ that after multiplication with
we get the first term in (6) as given. Second term of (6) can be similarly argued. The third term is due to the product
i=0 W i . Computing inverse DFT of Z requires one to multiply A 3 and vector (Z ′ 0 , Z ′ 1 , . . . , Z ′ 9 ) T where A 3 is the matrix defined in (3). Thus one has to compute R(X 1 (0), X 1 (1), . . . , X ′ 9 ) T where the 10 × 10 matrix R = (1/11)A 3 M .
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From (6), using the appropriate ranges for the three terms we now get
Finally, combining (6), (7) and (8) gives
Since R i,j is a function of only i − j, R is a Toeplitz matrix. Thus
Recall that Y ′ i is assumed zero if its index is outside the valid range from 0 to 9. Thus in (9), exactly one of the first two terms is valid for any combination of i and j. Fig. 1 illustrates the bilinear cyclic convolution algorithm of length 11 based on this discussion.
The multiplication of the 10 × 10 Toeplitz matrix R with a vector can be obtained using the Toeplitz product algorithms of lengths 2 and 5. The matrix R can be split into four 5 × 5 submatrices and the vector X ′ can be split into two length-5 vectors. By the definition of Toeplitz matrices, the Toeplitz product RX ′ can be computed as
Although the cyclic convolution is derived over the real field, it can be easily converted to characteristic-2 fields. Based on the method in [12] , we multiply both sides of all equations above by 11 modulus 2. In 
is given in Appendix I, where · stands for pointwise multiplication.
Based on the length-10 Toeplitz product, the bilinear form of 11-point cyclic convolution over GF(2 m )
is given by
Details of matrices S, T , Π 0 , . . . , Π 5 are given in Appendix II.
The proposed length-11 cyclic convolution needs only 43 multiplications. We compare it with cyclic convolutions of other lengths from [1] , [13] , [14] in Table I .
III. CYCLOTOMIC FFT OVER GF(2 11 )
Based on the derived 11-point cyclic convolution over GF(2 m ), we can construct a length-2047 cyclotomic FFT over GF (2 11 ). In this manuscript, we focus on direct CFFT as in [5] shown in [9] all variants of CFFTs have the same multiplicative complexity and they have the same additive complexity under direct implementation.
Given a primitive element α ∈ GF(2 m ), the DFT of a vector f = (f 0 , f 1 , . . . , f n−1 ) T is defined as
. We choose the field generated by the polynomial x 11 +x 2 +1. In this field, there are one size-1 coset and 186 size-11 cosets. We permute the input f to f In matrix form, it is F = aLf , in which L is a block diagonal matrix with each diagonal block being
Using a normal basis as β i , the matrix L i becomes a cyclic matrix and L i f i becomes a size-m i cyclic convolution. For length-2047 CFFT, m i is 1 or 11. Thus we obtain a length-2047 CFFT using the bilinear form of 11-point cyclic convolution as
. . .
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